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Introduction

Motivations

e Combinatorics — design new methods for counting structures with
binders and local scopes

e Computer Science — develop tools for random A-term generation used
in software testing (see, e.g. Quickcheck)

e Computational Logic — study quantitative aspects of semantic
properties in A-calculus and related systems
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Introduction

Natural size notion

Ax.((Ay.y)x)(Az.z(Aw.x))
A((A0)0)(A0(A2))
t] =13
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Enumerating A-terms

Natural counting of A-terms

D — de Bruijn indices
Lo — all A-terms (not necessarily closed)

D = 0 SD
Loo = D@ Lol & Mo J

l

Loo(z) = 22(2)+ zloo(z) + —2

1-=z
(1-2)%?-V1-3z-22-73
2zy/1 -z

L(2)
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Enumerating A-terms

The number of \-terms

Theorem

The asymptotic approximation of the number of A-terms of size n is given
by

C
[z"Lo(z) ~ (3.38298.. .)"’73/27 where  C = 0.60676. ..
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Enumerating A-terms

Holonomic presentation of L.,

Maple: package gfun

B4 -224 (24322 324+ 1)lo+ (P +222 - 42+ 2)L/_=0
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Computing L

Linear recursion for Lo

Loo,O = Oa Loo,l = 15 Loo,2 = 2; Loo,3 = 47

(n+1)Locn = (4n—1)Lop—1 — (2n— 1)L n—2

_Loo,n—3 - (n - 4)Loo,n—4
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Enumerating A-terms

A-terms with bounded number of free indices

Dm = {Qaluvm}
»Cm - Dmeaﬁmﬁm@Aﬁm—l—l J
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Enumerating A-terms

A-terms with bounded number of free indices

>
3
|

{0,1,...,m-1}
ﬁm - Dmeaﬁmﬁm@Aﬁm—l—l J

1- \/ 1422 (Lmia(2) + 32

Lm(z) = 2z

Ly, is expressed by means of infinitely nested radicals! J
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Enumerating A-terms

Counting A-terms containing fixed subterms

Theorem

For a fixed term M, the asymptotic density of 7 is equal to 1. In other
words, asymptotically almost all A-terms contain M as a subterm.
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Enumerating A-terms

Counting A-terms containing fixed subterms

Theorem

For a fixed term M, the asymptotic density of 7 is equal to 1. In other
words, asymptotically almost all A-terms contain M as a subterm.

Proof sketch
QO TM=MBEAXTMB TM Lo ® Lo Tm O Tm Tm-
@ Consider Loo(z) — Tm(z). Show that it has density 0.
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Enumerating A-terms

Counting A-terms containing fixed subterms (cont'd)

Theorem
Asymptotically almost no A-term is strongly normalizing. J
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Enumerating A-terms

The sequence enumerating \-terms

The sequence ([z2"]Loo(2)) eny is known as A105633 in the Online
Encyclopedia of Integer Sequences (http://oeis.org)!

0, 1, 2, 4, 9, 22, 57, 154, 429, 1223, 3550, 10455, 31160,
93802, 284789, 871008, 2681019, 8298933, 25817396,... J
A natural counting of lambda terms CLA 2015 10 / 23


http://oeis.org/A105633
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Combinatorial results

E-free black-white binary trees

Black-white binary trees (A105633)

QA={., ,. .. b
@ Roots are black.

BW,e(z) = z+ zBW,(z)+ zBW,(z)
BWy(z) = z+ zBW,(z)+ zBW,(z) + zBW,(z)BW,(z) J
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Combinatorial results

Black-white trees and \-terms: back and forth

LtoBw BwtoL
0 —" o e 50
LtoB LtoBw T BwtolL
Sn B, RO o2 S Bwtol(T)
LtoB LtoBw(M T BwtolL
AN B, teEw() T 22 ABwtol(T)
LtoBw(Ma) T,
LtoB: s BwtoL
My My =55 0 o —= BwtoL(Ty)BwtoL(T>)
LtoBw(My) T
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Combinatorial results

Example
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Combinatorial results

Binary trees without zigzags

Zigzag-free binary trees (A105633)

X

AN
X
N
X
e ~
Bz . BZ
~
= @
1 BZl 2
BRZ X X
— >< @ ' @ ' N
2 B2, Bz, Bz
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Combinatorial results

From \-terms to zigzag-free trees

LToBz(0)

LToBz(S(n)) =

LToBz(AM) =

LToBz(M0) =

LToBz(M S(n)) =

LToBz(M; Mp) =
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Combinatorial results

From zigzag-free trees to A-terms

BzTolL(x) = 0

) = S(BzToL (n))
) —
) = BzTol(T)0
N n
BzToL( X > = A BZTOL< > % )

n
= BzTolL(T) ABzTolL ( ~ « )

T
= A BzToL< e >
X

T2
BzTol(Ty) BzToL( e )
X

@

N

3

e
/~
N

X

VRN
~

I

Bendkowski, Grygiel, Lescanne, Zaionc A natural counting of lambda terms CLA 2015 16 / 23



Combinatorial results

Example

X
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A X " x
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Combinatorial results

Normal forms

N — normal forms (A-terms without redexes)
M — neutral terms (normal forms without head abstractions)

N = M+IWN
M = MN+D
D = SD+0

CLA 2015 18 / 23
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Combinatorial results

Normal forms

N — normal forms (A-terms without redexes)
M — neutral terms (normal forms without head abstractions)

N = M+IWN
M = MN+D
D = SD+0

1-z—/(1+2)(1-3z2)
2z

M(z)
11—~z
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Combinatorial results

Neutral terms and Motzkin trees

u, — chain with n vertices
An — chain with n abstractions

UnToL(e) = A
. A
UnToL | | = |
Un UnTolL (up)
UnToD(s) = 6
o S
UnToD| | = |
Up UnToD (up)
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Combinatorial results

From Motzkin trees to neutral terms

MoToNe (u,) = UnToD (un)
Up @
| N
MoToNe / ° \ = MoToNe (t) UnTol (us)
t1 t> ‘

MoToNe (t»)

P

MoToNe (t) MoToNe (t2)

MoToNe( /.\ )
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Combinatorial results

From neutral terms to Motzkin trees

NeToMo (n) = up

N

NeToMo (t,) NeToMo (t)

(]
NeToMo / \
51 )

where t, does not start with a A

© Un

NeToMo t1/ \)\,, = l

t NeToMo (t1) NeToMo (t,)
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Combinatorial results

Summary

Theorem

There exist linear bijections among black-white trees, zigzag-free trees,
and A-terms.

Theorem

There exists a linear bijection between neutral A-terms and Motzkin trees.

v
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N
The end

Thank you.
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