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Sxyz — xz(yz)

Kxy — x

If x has a normal-form, then reducing x in normal-order,
i.e. leftmost outermost redex first, will eventually lead to its
normal form.




Previous results

Theorem (Bendkowski, Grygiel, Zaionc 2015)

The set of weakly normalizing SK-terms WA/ cannot have a
trivial 0 — 1 asymptotic density in the set of all combinators.
In particular, if it exists, then

1/32 < N(@/) <1-— 1/218
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Previous results

Theorem (Bendkowski, Grygiel, Zaionc 2015)

The set of weakly normalizing SK-terms WA/ cannot have a
trivial 0 — 1 asymptotic density in the set of all combinators.
In particular, if it exists, then

0.03125 < u(@) < 0.999996
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There exist computable unambiguous regular tree grammars
(Rn) pen defining SK-terms reducing in exactly n normal-order
reduction steps.




There exist computable unambiguous regular tree grammars

(Rn) pen defining SK-terms reducing in exactly n normal-order
reduction steps.

0.34010 < u—(@/)

...and pending!



Normal-order reduction grammars

Key idea

Suppose that x reduces in n normal-order reduction steps to
its normal form. Let y be the term such that x — y. Then y
reduces in just n — 1 steps. Hence, R, .1 should depend
structurally on R,,.
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Normal-order reduction grammars

Key idea

Suppose that x reduces in n normal-order reduction steps to
its normal form. Let y be the term such that x — y. Then y
reduces in just n — 1 steps. Hence, R, .1 should depend
structurally on R,.

Start with normal forms:

Ro=S®K®KRy® SRy ® SRyRo
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Let y € L(Xay ...an) where Xag ... a, € R,. Suppose that
x — y and moreover x = Kx; ...xx. What production in R,
defines x?



K-EXPANSIONS: The easy part. ..

Let y € L(Xay...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Kxy ... Xxx. What production in R,
defines x7?

K(XOél - .Oém)C
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K-EXPANSIONS: The easy part. ..

Let y € L(Xay...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Kxy ... Xxx. What production in R,
defines x7?

K(Xay...am)C or
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K-EXPANSIONS: The easy part. ..

Let y € L(Xay...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Kxy ... Xxx. What production in R,
defines x7?

K(Xay...am)C or

K(Xay...am1)Cap
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K-EXPANSIONS: The easy part. ..

Let y € L(Xay...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Kxy ... Xxx. What production in R,
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K-EXPANSIONS: The easy part. ..

Let y € L(Xay...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Kxy ... Xxx. What production in R,
defines x7?

K(Xay...am)C or

K(Xay...am1)Cap or
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K-EXPANSIONS: The easy part. ..

Let y € L(Xay...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Kxy ... Xxx. What production in R,
defines x7?

K(Xay...am)C or

K(Xay...am1)Cap or

KXCa;...apn,.
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Let y € L(Xay ...an) where Xag ... a, € R,. Suppose that
x — y and moreover x = 5x; ... xx. What production in R, 1
defines x?



S-EXPANSIONS: The hard part. ..

Let y € L(Xag...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Sx; ... xx. What production in R,
defines x? There is no easy answer!
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S-EXPANSIONS: The hard part. ..

Let y € L(Xag...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Sx; ... xx. What production in R,
defines x? There is no easy answer!

x=5Xy1...ya)x2xz ... Xk = Xy1...Yaxz(XoX3)Xa ... Xk = y
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S-EXPANSIONS: The hard part. ..

Let y € L(Xag...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Sx; ... xx. What production in R,
defines x? There is no easy answer!

x=5Xy1...ya)x2xz ... Xk = Xy1...Yaxz(XoX3)Xa ... Xk = y

x3 € L(a;) whereas xx3 € L(at1)
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S-EXPANSIONS: The hard part. ..

Let y € L(Xag...an,) where Xag ... an € R,. Suppose that
x — y and moreover x = Sx; ... xx. What production in R,
defines x? There is no easy answer!

x=5Xy1...ya)x2xz ... Xk = Xy1...Yaxz(XoX3)Xa ... Xk = y

x3 € L(a;) whereas xx3 € L(at1)

Problem: find out whether «;, ;1 'rewrites’ to some 3 = va;.
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Production rewriting

If o has a production 3, or « is the set C of all
SK-combinators, then a rewrites to 5. Such an operation
limits «'s language, since if « rewrites to 3, then L() C L(«).
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MESH SET

Input: Non-rewritable o and S.
Output: A complete partition of L(«) N L(/3) using ~y such
that both o and [ rewrite to 7.
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Input: « and 5.
Output: All possible v and 7 such that « rewrites to v and 3
rewrites to 77y.




Input: « and 5.
Output: All possible v and 7 such that « rewrites to v and 3
rewrites to 77y.

REWRITINGSET(S, Ry) = {SS, KS, SRy S} I




Normal-order reduction grammars

Ro
Ry

S@ K ® KRy ® SRy ® SRoRy
SRy @ KRy @ SRyRy @ SRy Ry @ KRy C &
KSCRy @ KKCRy @ KSCRyRo @ K (SRo)CRy ®
SSSRy & SSKRy @ SS(SRe) Ry
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|Rol

5

12

75

625
5673
53164
508199
4926651

\lO\U1-l>wl\)l—lO|3




There exists a primitive recursive function ¢b: N — N, upper
bounding the number of R,'s productions, i.e. |R,| < 1(n).




n |Ral ¥(n)
0 5 5
1 12 | ~ 6 - 10844
2 75 ?
3 625 ?
4| 5673 ?
5| 53164 ?
6| 508199 ?
7 | 4926651 ?



Asymptotic aspects of R,

Theorem (Bendkowski 2016)

Each grammar R, has a corresponding computable ogf.
Moreover, for each n > 1 the ogf R,(z) has a removable
singularity at z = 0 and a single dominating singularity on its
circle of convergence p, = /s.
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Asymptotic aspects of R,

Theorem (Bendkowski 2016)

Each grammar R, has a corresponding computable ogf.
Moreover, for each n > 1 the ogf R,(z) has a removable
singularity at z = 0 and a single dominating singularity on its
circle of convergence p, = /s.

Corollary
For each m > 1, we have

C

[Z ]Rm(Z) ~ 8 W
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Asymptotic density of R, in C

(/)

0.
0.08961233291075565
0.06417374404832035
0.0501056553007704
0.04131967414765603
0.03570996929825453
0.03119525702124082
0.027987393260263862

~NOoO 1B W N OIS
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Symbolic algebra is tough. ..

Why stop at n =77 Can’t we compute Rg, Ry, Rip, ...7
We could, however computing R; takes ~ 20 GB RAM.
Mathematica computations of pu(®7/c) take ~ 52 GB RAM!
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Super-computer experiments

@ Sample s uniformly random SK-terms of size n.

@ Evaluate each sample using up to r normal-order
reduction steps. If the sample reduced to its normal form,
write down the actual number of reduction steps it took.
Otherwise, write down —1.
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s = 1200 samples, < r = 1000 reductions, size n = 50000000

—e—samples
150 2
[ ]
100 | 2
502 |
O - N & Y |
0 200 400 600 800

normal-order reductions

Figure: E(X) ~ 31.5810, log, n ~ 25.5754
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Open problems

Maciej Bendkowski Quantitative aspects of normal-order reduction in CL



Experiments suggest that

WN

Is it true?



We know that

;0 ,u(%) exists.

Hence, the following problem.




Thank you for your attention!



