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MOTIVATION

e.g.

• A simply-typed term can have a very long β-reduction 
sequence. 
• k-EXP in the size of terms of order k [Beckmann 2001].

• How many terms have such long β-reduction 
sequences?

where Twice = �f.�x.f(f x)

(Twice)n Twice · · ·Twice| {z }
k�2 times

(�x.bxx)((�x.x)c)



• The work has been motivated by quantitative analysis 
of the complexity of higher-order model checking 
(HOMC).

BACKGROUND

• Input          : tree automaton     and λY-term t.  
Output       : YES if     accepts the infinite tree  
                     represented by t, NO otherwise.  
Complexity: k-EXPTIME-complete for order-k λY-terms.

• We want to (dis)prove: HOMC can be efficiently 
solved for almost every input.

HIGHER-ORDER MODEL CHECKING
A

A

[Ong 2006]
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NUMBER OF DISTINCT VARIABLES

• For an α-equivalence class      ,[t]↵

#V↵([t]↵) , min{#V(t0) | t0 2 [t]↵}

#V(t)•           : the # of variables in t excluding unused 
variables.

1
Example

#V↵([(�z.z)�y.x]↵) =

#V((�z.z)�y.x) = #{x, z} = 2

#V((�x.x)�y.x) = #{x} = 1
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OVERVIEW OF OUR PROOF

• Almost every term contains a certain “context” 
that has a very long β-reduction sequence.

• Inspired by Infinite Monkey Theorem: for any word x, 
almost every word contains x as a subword.
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IDEA1: PARAMETERISING MONKEY THEOREM

For any family of words          over A such that 
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IDEA2: EXTENDING IDEA1 TO TERMS

For any family of contexts          such that                         (Cn)n

if               .

|Cn| = dlog(2)(n)e,

C � t ,                           for some context     and term  .C 0t = C 0[C[t0]] t0

lim
n!1

#{[t]↵ 2 ⇤↵
n(k, ◆, ⇠)} | Cn � t}

#⇤↵
n(k, ◆, ⇠)

= 1.

k, ◆, ⇠ � 2
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HARVEST
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HARVEST

+ A direct corollary of the explosive property: 

� t ) (k � 2)-EXP(n)  �(t).

Almost every term of size n and order at most k 
has a β-reduction sequence of length (k-2)-EXP(n).
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PROOF IDEA

1. Parameterising Infinite Monkey Theorem. 

2. Extending (1) to λ-terms. 

3. Constructing “explosive context” that generates 
a long β-reduction sequence.

Most technical part

We first give a proof of 
(1), because it clarify 
the overall structure of 
the proof of (2).
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• Previous proof is based on a “good” decomposition of words. 
• This good decomposition is induced by the following 

coproduct-product form:

|{z}
`

(n mod `)<`z}|{
w = w1 w2 · · · wbn/`c w

0

|{z}
`

|{z}
`

An 3
cf.

DECOMPOSITION OF WORDS

An ⇠=
a

w02A(n mod `)

Y

ibn/`c

A`

• This point of view forms the basis of the later extensions.



For any family of words          over A such that 
                        

(xn)n

lim
n!1

#{w 2 An | xn v w}
#An

= 1.

|xn| = dlog(2)(n)e,

PROOF OF PARAMETERISED 
MONKEY THEOREM FOR WORDS

* #{w 2 An | xn 6v w}
#An

 #{w 2 An | every decomposed part 6= x}
#An

! 0 (n ! 1) *=

✓
1� 1

Adlog(2)(n)e

◆bn/dlog(2)(n)ec
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CHALLENGE IN PROVING PARAMETERISED 
MONKEY THEOREM FOR TERMS

• How to obtain such a “good” decomposition for the        
set of λ-terms                    ? 

• Non-trivial since terms have various shapes:

⇤↵
n(k, ◆, ⇠)
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DECOMPOSITION OF TERMS
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(second-order context)

Example



ANALOGY BETWEEN 
THE DECOMPOSITION OF TERMS AND WORDS

zy

x
@

@

@

z

�z

�x

�y

�z

�x
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7�!�3 @

J K

J K

J K

�x

�x

(�y.[ ])x

�z.�x.z

(�x.y)�z.z

abracadabra

＊ Decomposed part                ＊  Residual part

7�! abr aca dab ra
decompose



A FORMAL DEFINITION OF  
THE DECOMPOSITION FUNCTION

! "θ1···θk⇒θ
n should be filled with a θ1 · · · θk⇒θ-context of size n, yielding a term

whose typing is θ. We use the metavariable P for sequences of contexts. For a
sequence of contexts P = C1 · C2 · · ·Cℓ and i ≤ ℓ, we write #(P ) for the length
ℓ, and P !i for the i-th component Ci.

We define |! "κn| " n. We write shn(E) for the number of the second-order
holes in E. For i ≤ shn(E), we write E!i for the i-th second-order hole (counted
in the depth-first left-to-right pre-order). For a context C and a second-order
hole ! "κn, we write C : ! "κn if C is a κ-context of size n. For E and P =
C1 · C2 · · · ·Cshn(E), we write P : E if Ci : E!i for each i ≤ shn(E). We dis-
tinguish between second-order contexts with different annotations; for example,

! "⟨{x:o};o⟩⇒⟨{x:o};o⟩
0 [x], ! "⟨{x:o};o⟩⇒⟨{x:o};o⟩

2 [x] and ! "⟨{x:o→o};o→o⟩⇒⟨{x:o→o};o→o⟩
2 [x]

are different from each other. Note that every term can be regarded as a second-
order context E such that shn(E) = 0.

The bracket [−] in a second-order context is just a syntactical representation
rather than the substitution operation of contexts. Given E and C such that
shn(E) ≥ 1 and C : E!1, we write E!C" for the second-order context obtained
by replacing the leftmost second-order hole of E (i.e., E!1) with C (and by inter-
preting the syntactical bracket [−] as the substitution operation). For example,
we have: ((λx.! "[x][x])! ") !λy.y[ ][ ]" = (λx.(λy.y[ ][ ])[x][x]) ! " = (λx.λy.yxx)! ".
Formally, it is defined by induction on E as follows:
(
! "⟨Γ1;τ1⟩···⟨Γk;τk⟩⇒⟨Γ ;τ⟩

n [E1] · · · [Ek]
)

!C" " C[E1] · · · [Ek]

(λxτ.E)!C" " λxτ.(E!C") (E1E2)!C" "
{
(E1!C")E2 (shn(E1) ≥ 1)

E1(E2!C") (shn(E1) = 0)

where C[E1] · · · [En] is the second-order context obtained by replacing [ ]i in C
with Ei for each i ≤ n. We extend the operation E!−" to a sequence of context.
Given E and a sequence of contexts P = C1 · C2 · · · ·Cℓ such that ℓ ≤ shn(E)
and Ci : E!i for each i ≤ ℓ, we define E!P " by induction on P :

E!ϵ" " E E!C · P " " (E!C")!P "

Note that shn(E!C") = shn(E)− 1, so if P : E then E!P " is a term. Below we
actually consider only second-order contexts whose second-order holes are of the
form ! "θn or ! "θ′⇒θ

n .
We are now ready to define the the decomposition function Φ̂m. We first

prepare an auxiliary function Φm(t) = (E, u, P ) such that (i) u is an auxiliary
0/1-subcontext, (ii) E!u·P " = t, and (iii) the size of each context in P is between
m and 2m− 1. It is defined by induction on the size of t as follows:
If |t| < m, then Φm(t) " (! ", t, ϵ).
If |t| ≥ m, then:

Φm(λxτ.t1) "
{
(E1,λx

τ.u1, P1) if |λxτ.u1| < m

(! "[E1], [ ], (λx
τ.u1) · P1) if |λxτ.u1| = m

where (E1, u1, P1) = Φm(t1).

Φm(t1t2) !

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(! "[(E1!u1")(E2!u2")], [ ], P1 · P2) if |ti| ≥ m (i = 1, 2)

(E1, u1t2, P1) if |t1| ≥ m, |t2| < m, |u1t2| < m

(! "[E1], [ ], (u1t2) · P1) if |t1| ≥ m, |t2| < m, |u1t2| ≥ m

(E2, t1u2, P2) if |t1| < m, |t1u2| < m

(! "[E2], [ ], (t1u2) · P2) if |t1| < m, |t1u2| ≥ m

where (Ei, ui, Pi) = Φm(ti) (i = 1, 2).

In the rest of this subsection, we show key properties of Φ̂m. We say that a
0/1-context u is good for m if u is either (i) a λ-abstraction where |u| = m; or
(ii) an application u1u2 where |uj | < m for each j = 1, 2. By the definition of

Φ̂m(t) = (E,P ), every component u of P is good for m.

For m ≥ 2, E and 1 ≤ i ≤ shn(E), we define Ûm
E!i(δ, ι, ξ), Λ

m
E (δ, ι, ξ), and

Bm
n (δ, ι, ξ) by:

Ûm
E!i(δ, ι, ξ) ! {u ∈ Uν(δ, ι, ξ) | u : E"i and u is good for m}

Λm
E (δ, ι, ξ) ! {[E!u1 · · ·ushn(E)"]α | ui ∈ Ûm

E!i(δ, ι, ξ) for 1 ≤ i ≤ shn(E)}

Bm
n (δ, ι, ξ) ! {E | (E,P ) = Φ̂m(ν([t]α)) for some [t]α ∈ Λα

n(δ, ι, ξ)}.

Intuitively, Ûm
E!i(δ, ι, ξ) is the set of good contexts that can fill E.i, Λm

E (δ, ι, ξ)
is the set of terms obtained by filling the second-order holes of E with good
contexts, and Bm

n (δ, ι, ξ) is the set of second-order contexts that can be obtained
by decomposing a term of size n. The following lemma states the key properties
of Φ̂m.

Lemma 2 (decomposition). Let δ, ι, ξ ≥ 0 and 2 ≤ m ≤ n.

1. Λα
n(δ, ι, ξ) is the disjoint union of Λm

E (δ, ι, ξ)’s, i.e.,

Λα
n(δ, ι, ξ) =

⊎

E∈Bm
n (δ,ι,ξ)

Λm
E (δ, ι, ξ).

Moreover, Φ̂m(E!P ") = (E,P ) holds for any P ∈
∏

1≤i≤shn(E) Û
m
E!i(δ, ι, ξ).

2. m ≤ |E"i| < 2m (1 ≤ i ≤ shn(E)) for every E ∈ Bm
n (δ, ι, ξ).

3. shn(E) ≥ n/4m for every E ∈ Bm
n (δ, ι, ξ).

The second and third properties say that Φ̂m decomposes each term into suffi-
ciently many contexts of appropriate size.

4.3 Explosive Context

Here, we show that each Ûm
E!i(δ, ι, ξ) contains at least one context that has a

very long reduction sequence. To this end, we first prepare a special context
Explmk that has a long reduction sequence, and shows that at least one element
of Ûm

E!i(δ, ι, ξ) contains Expl
m
k as a subcontext.
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SUMMARY OF THE MAIN PROOF

the probability that a term                             has a 
β-reduction sequence of length (k-2)-EXP(n)

the probability that                            holdsk

(     Patermeterised Monkey Theorem)*

(     explosive property)*
� � t

[t]↵ 2 �↵
n(k, ◆, ⇠)

! 1 (n ! 1)

dlog(2)(n)e

⇤↵
n(k, ◆, ⇠)
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OUR RECENT PAPER [LMCS2019]

• We have strengthened and generalised the result of 
[FoSSacs2017] 

• Strengthen: we prove that almost every λ-term of order-k 
has a (k-1)-EXP long β-reduction sequence. 

• Generalise: we prove the parameterised monkey theorem  
for trees generated by any (unambiguous and strongy-
connected) regular tree grammar, not only for λ-terms 
Λ(k, ι, ξ).



RELATED WORK

• Quantitative analysis of untyped terms:
• Almost every λ-term is strongly normalising (SN), but 

almost every SK-combinatory term is not SN  
[David et al. 2009].

• Almost every de Bruijn λ-term is not SN 
[Bendkowski et al. 2015].

• Empirical results: almost every λ-term is not β-normal, 
untypable [Grygiel-Lescanne 2013].
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almost every SK-combinatory term is not SN  
[David et al. 2009].

• Almost every de Bruijn λ-term is not SN 
[Bendkowski et al. 2015].

• Empirical results: almost every λ-term is not β-normal, 
untypable [Grygiel-Lescanne 2013].

• Quantitative analysis of typed terms: little is known.



• Quantitative analysis of simply typed λ-terms in different 
settings: 

• with an unbounded number of variables. 

• this makes # of terms super-exponential growth.
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• Quantitative analysis of simply typed λ-terms in different 
settings: 

• with an unbounded number of variables. 

• this makes # of terms super-exponential growth.

FUTURE WORK

• Quantitative analysis of the complexity of HOMC: 

• We are trying to prove the following kind  
 
 
 
 
 
for a certain fragment of λY-terms (on-going work).

lim
n→∞

#({[t]α ∈ΛY
n ∣ HOMC(t, ⋅ ) is k-EXP-hard})

#(Λ̂Yn)
= 1.



• We want to know the typical-case complexity of 
HOMC. 

• Analysis of the length of β-reduction sequence of 
STLC as a first step.  

• Result: almost every terms of order at most k has a  
(k-1)-exponentially long β-reduction sequence. 

• The core of our proof is a non-trivial extension of well-
known Monkey Theorem. 

• The parameterised Monkey Theorem for regular tree 
languages may be of independent interest.

CONCLUSION



Thank you!



APPENDIX



UNUSED VARIABLE
• Our syntax has special symbol     , an unused variable:⇤

t ::= x | �x.t | �⇤.t | tt
•     is never used, appeared only in λ binder.⇤

Example �y.x ⇡↵ �⇤.x
• α-equivalence is defined naturally.



SUPER-EXP. GROWTH

• Quantitative analysis of simply typed λ-terms in different 
settings: 

• with an unbounded number of variables. 

• this makes # of terms super-exponential growth. 

• The number of term of the form below is n!:

�x�!�
1 · · ·x�!�

n a�.x0
1(x

0
2(· · · (x0

na) · · · ))
<latexit sha1_base64="suyNMXQpZxpe9RhsDBiNCCma4rs="></latexit>

• In the fragment of λ-terms with super-exponential growth,  
(classical) Monkey Theorem does not hold (cf. David et al.).
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which is the tree shown on the left hand side of Figure 4.

Thanks to the size annotation, the substitution operation preserves the size of a second-
order context.

Lemma 3.4. Let E be a second-order context and P be a sequence of contexts such that
P : E. Then |E| = |E!P "|.
Proof. The proof is given by a straightforward induction on E. In the case E = ! "nk [E1, . . . , Ek],
we use the fact |C[E1, . . . , Ek]| = |C|+ |E1|+ · · ·+ |Ek| (which can be shown by induction
on C).

3.2.2. Grammar-Independent Decomposition Function. Now we define the decomposition
function Φ•

m. Let Σ be a ranked alphabet and m ≥ 1. We define rΣ ! max(Im (Σ)),
which is also written as r for short. We always assume that r ≥ 1, since it holds whenever
#(L(G)) = ∞, which is an assumption of Theorem 2.13. We shall define the decomposition
function Φ•,Σ

m (we omit Σ and just write Φ•
m for Φ•,Σ

m below) so that Φ•
m(T ) = (E,P ) where

(i) E is the second-order context, and (ii) P is a sequence of affine contexts, (iii) E!P " = T ,
and (iv) m ≤ |P "i| ≤ r(m− 1) + 1 for each i ∈ {1, . . . ,#(P )}.

The function Φ•
m is defined as follows, using an auxiliary decomposition function Φm

given below.
Φ•
m(T ) ! (U [E], P ) where (U,E, P ) = Φm(T ).

The auxiliary decomposition function (just called “decomposition function” below) Φm

traverses a given tree T in a bottom-up manner, extracts a sequence P of subcontexts, and
returns it along with a linear context U and a second-order context E; U and E together
represent the “remainder” of extracting P from T . During the bottom-up traversal, the
U -component for each subtree T ′ represents a context containing the root of T ′; whether
it is extracted as (a part of) a subcontext or becomes a part of the remainder will be
decided later based on the surrounding context. The E-component will stay as a part of
the remainder during the decomposition of the whole tree (unless the current subtree T ′ is
too small, i.e., |T ′| < m).

We define Φm by:

• If |T | < m, then Φm(T ) ! ([ ], T, ϵ).
• If |T | ≥ m, T = a(T1, . . . , TΣ(a)), and Φm(Ti) = (Ui, Ei, Pi) (for each i ≤ Σ(a)), then:

Φm(T ) !

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

([ ], a
(
U1[E1], . . . , UΣ(a)[EΣ(a)]

)
, P1 · · ·PΣ(a))

if there exist i, j such that 1 ≤ i < j ≤ Σ(a) and |Ti|, |Tj | ≥ m

([ ], ! "n1 [Ei], a(T1, . . . , Ui, . . . , TΣ(a)) · Pi)

if |Tj | < m for every j ̸= i, |Ti| ≥ m, and

n ! |a(T1, . . . , Ui, . . . , TΣ(a))| ≥ m

(a(T1, . . . , Ui, . . . , TΣ(a)), Ei, Pi)

if |Tj | < m for every j ̸= i, |Ti| ≥ m, and

|a(T1, . . . , Ui, . . . , TΣ(a))| < m

([ ], ! "n0 , T )
if |Ti| < m for every i ≤ Σ(a), and n ! |T |

(3.2)
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