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Lambda terms

Let V be a countable set of variables. Lambda terms are defined by
the following grammar:

To=V|\VT|TT
Example:

A Ay -((xy)(Az.(yz)))

De Bruijn notation:

AM((21)(A(21)))

1,2 ... De Bruijn indices

— closed terms

size = # vertices
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Bodini, Gardy, Gittenberger and Gotebiewski studied:

®
1. Lambda terms with bounded ©
De Bruijn indices

2. Lambda terms with bounded &
number of De Bruijn levels w
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Total number of variables - Gittenberger, L.; 2019

Let X, be the total number of variables in ...

...lambda terms where all De Bruijn indices are at most k.

Then X, ~ N (un,o?n), with
Vi -

and ~N——

A ok +1 7 TV
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Total number of variables - Gittenberger, L.; 2019

Let X, be the total number of variables in ...

...lambda terms where all De Bruijn indices are at most k.

7

Then X, ~ N (un,o?n), with
Vi -

and ~N——

A ok +1 7 TV

...lambda terms with at most kK + 1 De Bruijn levels.

If B(1) + B'(1) — B/(1)? # 0, where B(u) = 2 with p,
denoting the dominant singularity, then

Xp ~ N (pun,o?n)

where p = B'(1) and 0 = B"(1) + B'(1) — B'(1)%.

4/16



Lambda terms with at most k + 1 De Bruijn levels

N; = u? —u; +1i, foralli>0,

where

u =0, v = u,-2+i+1 fori > 0.

479982377

J N; uj
1 1 1
2 8 3
3 135 12
4| 21760 148
5

21909
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J N; uj
N; = u? —u; +1i, foralli>0, 1 1 1
2 8 3
where 3 135 12
4 21760 148
up =0, u,-+1:u,-2+i+1 fori > 0. 5

479982377 | 21909

Theorem (Bodini, Gardy, Gittenberger, Gotebiewski; 2018)
Let Hi(z) be the generating function of lambda terms with at most
k + 1 De Bruijn levels.
> If k € (N;, Nj11), then the dominant singularity pi of Hi(z) is of
type 1/2 and
[z"|Hk(2) ~ hgn P
» If k = N;, then the dominant singularity pi of Hy(z) is of type 1/4
and
[z"|Hk(2) ~ hgn P
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Lambda terms with at most k + 1 De Bruijn levels

k + 1 nested square roots

K—J%

1— \/1—2z~|—2z\/...1—4(k—1)z2—2z+2z\/1—4kz2
2z
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k + 1 nested square roots

W_J%

1—4/1-22422/...1—4(k—1)22—22+22v1—4k2?
() = VAl :

> k € (Nj, Njy1):

pk comes from the (j + 1)-th
radicand —> type %

> k= N;:
the j-th and (j +1)-th vanish

both at py — type %
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Lambda terms with at most k + 1 De Bruijn levels

Gittenberger, L.; 2019:

Let X, be the number of leaves at level /.

A
For k € (Nj, Nj41) }0(1)

> | < k—j:EX,~ Cp,
. A BN
> [ >k—j:EXy~Cey-n A T E 3 SN }G(n)

with constants Cy ; and Cj ;.
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Lambda terms where all De Bruijn indices are at most k

k + 1 nested square roots

A
— —
17\/174-0-z272z+22\/.‘.174(k71)22722+2z2+2z\/(17z)274kz2
Gk(Z) = 2z
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Lambda terms where all De Bruijn indices are at most k

k 4+ 1 nested square roots

— /%
17\/174-O-z272z+2z\/.“174(k71)z272z+2z2+22{2 (1—2)2—4kz?)
Gr(z) =

2z

Theorem (Bodini, Gardy, Gittenberger, Gotebiewski; 2018)

Let Gk(z) be the generating function of lambda terms where all De
Bruijn indices are at most k. Then

» the dominant singularity py of Gi(z) comes from the innermost
- _ 1
radicand — py = W
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Lambda terms where all De Bruijn indices are at most k

k 4+ 1 nested square roots

— /%
17\/174-O-z272z+2z\/.“174(k71)z272z+2z2+22{2 (1—2)2—4kz?)
Gr(z) =

2z

Theorem (Bodini, Gardy, Gittenberger, Gotebiewski; 2018)

Let Gk(z) be the generating function of lambda terms where all De
Bruijn indices are at most k. Then

» the dominant singularity py of Gi(z) comes from the innermost
- _ 1
radicand — py = W

» the asymptotics of the coefficients of Gi(z) read as

kk1/4
[271Gul(2) ~ ST n-3/2g0n,
2, /T Pk
where CK .= Hi(:,- % with c; =5 and ¢; = 4i — 5+ /Ci_1.
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Lambda terms where all De Bruijn indices are at most k
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Lambda terms where all De Bruijn indices are at most k

Gk(z) = B(Z,
BGF of binary trees:
B(Z, u) _ 17\/1274uz2
1 z...size, u... leaves
1
1 1 2
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Lambda terms where all De Bruijn indices are at most k

Gk(z) = B(z,B(z,1 + B(z,

BGF of binary trees:

B(Z, U) — 17\/12;4uz2

z...size, u... leaves
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Lambda terms where all De Bruijn indices are at most k

Gy(z) = B(z,B(z,1+ B(z,2+ ...+ B(z,k =1+ B(z,k + B(z, . ..

BGF of binary trees:

B(Z, U) _ 17\/12;4uz2

z...size, u... leaves
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Lambda terms where all De Bruijn indices are at most k

Gk(z) = B(2,B(z,1+ B(2,2+ ... +B(z,k — 1 + My(2))))))

BGF of binary trees:

B(Z, U) _ 1—\/12;4uz2

6 \ z...size, u... leaves
GF of k-colored Motzkin trees:
M Mk(Z) _ lfzfx/(12;z)274kz2
e |
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Lambda terms where all De Bruijn indices are at most k

Gk(z) = B(2,B(z,1+ B(2,2+ ... +B(z,k — 1 + My(2))))))

BGF of binary trees:

B(Z, U) _ 17\/12;4uz2

a \ z...size, u... leaves
GF of k-colored Motzkin trees:
Mk(Z) _ lfzfx/(12;z)274kz2
M M
2 — B(z,k + B(z,k)) = B(z, k)
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Lambda terms where all De Bruijn indices are at most k

= k-indexed lambda terms
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Lambda terms where all De Bruijn indices are at most k

= k-indexed lambda terms

first k De Bruijn levels
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Size of the hat { a

Theorem (Grygiel, L.; 20197)

For a fixed k > 1 let x, be the size of the hat of a k-indexed
lambda term. Then

Eg, ,(x«) k+4(k+f—1)2%
-2 k j

+ (1+2x/E+4i ck,)z

i j=k— Ve

>~

I
o

where C,-k = Hf P T with ¢ =5 and ¢; =4i — 5+ ./c¢i_
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Number of De Bruijn levels

O(y/n) levels

Theorem (Grygiel, L.; 20197)

The average number of De Bruijn levels of a k-colored Motzkin tree
of size n is asymptotically equal to

™n

2k + vk
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Number of De Bruijn levels

O(y/n) levels

Theorem (Grygiel, L.; 20197)

The average number of De Bruijn levels of a k-colored Motzkin tree
of size n is asymptotically equal to

m™n
V 2k + vk

For every k > 1 the average number of De Bruijn levels in
k-indexed lambda terms of size n is ©(v/n).

Corollary
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Proof

Lemma (Drmota, De Mier, Noy; 2014)
Suppose that:

O(y) levels

» F(z,t) is an analytic function at (z,t) = (0,0)
T(z) = F(z, T(z)) has a “nice” solution T(z)
T(z) has a square-root singularity at z = zg
Let TH(2) = F(z, Tk-1(2)).

Let H,, be a random variable that is defined by

vVvYyy

2 T (2)

A <= Ty

Then

2mn
EH, ~ .
§ \/ZOFZ(207 to) Fee(20, to)
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Unary profile

Theorem (Grygiel, L.; 20197)

Let k > 0 be a fixed real number. The expected number of
variables in the De Bruijn level |k+/n| in k-indexed lambda terms
of size n is asymptotically equal to

2K exp (—n2(2k + ﬂ)) Vn.
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Unary profile

Theorem (Grygiel, L.; 20197)

Let k > 0 be a fixed real number. The expected number of

variables in the De Bruijn level |k+/n| in k-indexed lambda terms
of size n is asymptotically equal to

2K exp (—n2(2k + ﬂ)) Vn.

average # leaves

4

Rayleigh?

—» De Bruijn level
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ldea of proof

Tool: bivariate generating functions
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u_lekBk1/1pk+O<1ka>
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ldea of proof

Tool: bivariate generating functions —> correct marking:

» size of the hat

Gi(z,u) = B(zu, B(zu,1+B(zu,2+. . .+B(zu, k—1+My(z))))))

=Ac—B “‘H*O(‘l‘i)

» leaves in De Bruijn level |kv/n]

BGka(z,u)
u

Gk(z,u):B<Z,B<z,1+B<z,2+...

+ B(z,k+ B(z, k+ B(... B(z.k+ B(z, ku + Mi(2))))) )))

~—
K+/n occurrences of B

. [Z"] BG%(:U)

k+r/n—n—1
= [ = d
7 z
k+r
u=1 2 f’y IL‘I:[ \d Rk,i(z’l) ]

15/16



Some open problems

» Enumeration and structure
of these lambda terms for k
depending on n

» Average number of binding
lambdas

» Average number of starting
lambdas
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