femto-st

BB ENSCIENCES &
TECHNOLOGIES

About the bloom structure of closed linear lambda terms

Alain Giorgetti

FEMTO-ST, Univ. Bourgogne Franche-Comté, Besancon, France

Computational Logic and Applications
Versailles, 1-2 July 2019

@

A. Giorgetti About the bloom structure of closed linear lambda terms

1/45



fmto-st o'hop

EEENSCIENCES &
TECHNOLOGIES

Context

Bijection between closed linear lambda terms (CLT) and rooted trivalent
maps (RTM)

[BGJ13] Olivier Bodini, Daniéle Gardy, and Alice Jacquot.
Asymptotics and random sampling for BCl and BCK lambda

terms.
Theoretical Computer Science, 502(0):227 — 238, 2013.

Towards a formal proof with a proof assistant (Coq)
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Summary of previous seasons + talk subject

Lambda terms and maps, formally, at CLA'15

With C. Dubois and N. Zeilberger
Bijection between labelled CLT and labelled ATM;
Formalized in Coq and Prolog

No formal proof there, but validation by enumeration (up to size 4, more
than 1000 terms)

Lambda terms and maps, formally (11), at CLA'18

With C. Dubois

Bijection splitted into two bijections, with blooms in the middle

A semantics of blooms, visually

Map semantics of blooms, visually

Formal structural analysis of rooted trivalent maps

Prolog specification of blooms

First application of blooms: Random and bounded-exhaustive testing
Today: What are blooms good for?

From blooms to CLT: A semantics of blooms, formally
Towards a BCl semantics of blooms
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© Background

© ) semantics of blooms

© Towards a BCl semantics for blooms

@ Conclusion and perspectives
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Closed linear lambda terms (CLT)

A terms

uz=AX.u|uu|X
CLT: closed X\ terms where each variable is used exactly AX
once (linearity) |
Example: Ax. (Ay.y) x ®
Size: number n > 0 of applications / \
n+ 1 variables Ay X

n + 1 abstractions
Counted by size (modulo a-equivalence) by the OEIS y
sequence A062980

1 5 60 1,105 27,120 828,250 30,220,800
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Rooted trivalent maps (RTM)

A (topological) map is a connected graph (loops and multiple edges allowed)
drawn on a surface

Studied (generated, counted, etc) up to isomorphism
(orientation-preserving surface diffeomorphism & underlying graph
isomorphism) ~ Finitely many distinct maps with a given number of edges

Rooted: First dart (half-edge) distinguished (root) ~ no inner symmetry
Trivalent: All vertices have degree 3
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Bloom structure [Dubois & G.,18]

Definition (Blooms)

A bloom b of size n(b) (number of internal nodes B; and B) is either
By (empty bloom, n(By) = 0), or

(B1 - b') with a bloom b’ such that n(b') = n(b) — 1, in 6n(b’) + 4
distinct ways, or

(B2 b1 b2) with two blooms by and b such that n(b) = 1 + n(b1) + n(b2).

b:=By|Bisjb|B.bb su=/ 1\ 0<,j<3n(b)+1
Also counted by the OEIS sequence A062980

Fine for random and bounded-exhaustive testing
Maybe also for formal reasoning. ..

A. Giorgetti About the bloom structure of closed linear lambda terms 7/ 45



femto-st Background A\ semantics BCl semantics? Conclusion >

M ENSCIENCES & ®
TECHNOLOGIES

Blooms in the middle [Dubois & G.,18]

C.losed bloomlam rtmbloom R_°°t6d
linear -~ Blooms -~ trivalent
\ terms lambloom bloomrtm maps
T O
(¢ (Br \ 0 Bo) .
)\y X O
y

Proposition

Closed linear lambda terms with n applications, blooms with n internal nodes
and rooted trivalent maps with 2n vertices (and, thus, 3n edges) are in bijection.
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A semantics of blooms, visually [Dubois & G.,18]

[[Bo]])\ = AX.X

/
[B2 by bo]s =
h
Av
|

/[V m]j I[m V]j
[Bisjb]x= and
/N ym\

ifs=/ if s =1\
where | = [b]x and m = I

where [[bl]])\ = /1 and [[bz]])\ = /2

(G]
\
b
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Canonical lambda terms

Um..p = AN Um.nt1 | Umon Umon | M| ... ] 0

For instance, ui..1 generates

Al Al

Vi i3
\
A5

3 5 4
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A semantics of blooms: By, B, and (B; s 0)

b:=By|Bisjb|Bbb su=/1\ 0<j<3n(b)+1

Let [b]a,» denote the A semantics of the bloom b, translating it into a
canonical A term with topmost abstractions An, i.e. generable from u,. .,

[Bo]x,n = (An.n) [B2 b c]xn = [b]a,n [c]rn

[Bisjblan=77
depends on s, j and b. ..
simpler to define bottom-up, i.e., after having interpreted b
we define /(,,, ) such that [B1 s j b], , = I(s,j, n, [b], ,.1)

First case: j =0

I(/,0,n,u) = (An.n u) I(\,0, n,u) = (An.u n)
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A semantics of blooms: application

[b]x,n denotes the X semantics of the bloom b

[[Bl S_j b]])\m = I(Svjv n, [[b]]A,n+l)

Next case: (B1 s j b) when j > 1 and [b]x,n41 = u v is an application
Let

|w| denote the number of nodes in the A term w

4> )
(Ax.u) v =gef u[x := v] denote one head reduction (one step of
B-reduction at the top)

First subcase: 1 < j < |u|
—
/(S7j7 n,u V) = An. /(57_/.— 1,n, U) nv

Second subcase: |u| +1 < j < |u|+ |v|

Is.jomu v) = An.u I(s.j — (Jul + 1), mv) n
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A semantics of blooms: abstraction

[b]x,n denotes the X semantics of the bloom b

HBI S_j b]])\,n = /(S,j, n, Hb]]/\,n+1)

Last case: (B1 s j b) when j > 1 and [b]x,n+1 = Ax. u is an abstraction

Then
I(s,j,n,Ax.u) = An. Ax. I(s,j— 1,n,u) n
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Summary

The A semantics [b]a,» of the bloom b is defined by

[[BOHA,n = (An.n) [B: b C]],\,n = [[b]],\,n [[C]],\,n
and
[Bisj b]])\,n =I(s,j, n, ﬂb]])\,nJrl)
with
I(/,0,n,u) = (An.nu)
I(\,0,n,u) = (An.un)
I(s,j,n,uv) = Anl(s,j—1,nu)nv if 1 <j<|ul
I(s,j,muv) = Xnul(s,j—(lu+1),nv)n iflu+1<j
I(s,j,m,Ax.u) = An.Ax.I(s,j—1,n,u)n ifj>1

where |w| is the number of nodes in the A term w and — denotes one head
reduction
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BCI system

BCI terms [H. Curry, Grundlagen der kombinatorischen Logik, 1930]
d:=B|C|l|dd

Let d) denote the A semantics of the BCl term d

Br = Xx.Ay.Az.x (y 2)
Ch = XAy dz.(xz)y
Ihnh = M.x
(de), = dxe for all BCl terms d and e
Properties
1. dyisa CLT

2. Some CLT (e.g., A\y.Az.y z) cannot be encoded by a BCI term
3. However CLT = BCI}
(BI), = Bilya=(xAy.Az.x(y z)) (Ax.x)
=3 Ay. Az. (Ax.x) (y z) =g Ay. Az.y z

4
B

4. The same CLT can have several BCl codes, e.g., (B 1) 1), ” =1,
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Bloom semantics of BCI terms

Let dp, denote the bloom semantics of a BCl term d

B, = B /2(B / 1Bo)
C, = B /3B \ 1B)
I, = B
(de), = Badpes for all BCl terms d and e

Proposition («-equivalent \ semantics)

For all BCI term d,

[[db]]A,n =0 d)\.

Proof by induction on BCI structure
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One proof case

[Bel,, = [B/ 2(B / 1B)],,=1(/2n][B / 1B, 1)
= /(1727”»/(f717”+17[[30]]A,n+2))
= I(/,2,mI(/,1,n4+ 1, X(n+2).(n+2)))
= I/, 2,m A(n+1).A(n+2).1(/,0,n+1,(n+2)) (n+1))
= I(/,2,m,A(n+1).Xn+2).(n+1) (n+2))
= AnA(n+1).1(/,1,n,A(n+2).(n+1) (n+2)) n

= An.A(n+1).(An.AX(n+2)./(/,0,n,(n+1) (n+2)) n) n
= AnAn+1).(An.Xn+2).n((n+1) (n+2))) n

= A An+1).Mn+2).n((n+1) (n+2))

=0 MY Az x (y 2)

= B,

(+ similar proof for C)
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Conversely, what should be a BCI semantics for blooms?

Let [b]scr denote any BCI semantics for the bloom b (several solutions)

Expected properties

A-equivalence
([blsci) s =p.a [B]5,,

composition with A\ semantics yields a lambda term
(B, @)-equivalent to the A semantics of blooms

(A, r)-equivalence: refinement of A-equivalence to r SB-reductions

cancellations
[blec =d < dy=b [b]sci, = b ldollacr = d

for all blooms b and BCI terms d
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Bloom fragment F; for cancellation property

Is there a BCI semantics [b]gc such that [blge = d < d» = b?
i.e., an inverse of the bloom semantics of BCl terms

Yes, but it is limited to the sub-family F; of blooms b generated by
bZZ:Bo|ngb|Bl \/ 2(81 \/ ].Bo)|Bl \/ 3(81 X, 1Bo)
[b]ac is defined by
[Bolscar =1 [B2 b clsci = [blsar [c]aae

[Bi / 2(B1 / 1Bo)lsci =B [Bi / 3(Bi \ 1Bo)lsa=C
Bijection between F; and BCI terms

Corollary (also characteristic): [.]ac satisfies (A, 0)-equivalence, i.e.,
A-equivalence without beta-reduction

([blct) s =a [[b]]/\,n
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Proofs of (A, 0)-equivalence for By and B,

([blcr) =, [[b]])\,n

[Bolear =1

([BO]BCI))\ =def |)\ = ()\X.X) =« ()\n. n) = |IB()]])\,"

[B2 b clgar = [blaar [c]ac

([B2 b c]sar),

([blscr [claer)y = ([blscr)y ([clser)y
=a Hbﬂ)x,n [[C]])\,n = [[Bz b C]])\,n
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Larger bloom fragment F;, with S-reduction

Let F> be the sub-family of blooms b generated by

b Bo|Bbb|B / 2(Bi / 1Bo) B / 3(Bi\ 1By)|Bis0b
s o= /|\

Let [b]sci be the BCI semantics defined for blooms b in F, by

[Bolscr =1 [B2 b clsar = [blscr [claa
[B. / 2(B1 / 1B)]sar =B [Br / 3(B1\ 1By)]sa=C
[Br / 0 b]ecr = (C) [b]aa [Br \ 0b]aa =(B1) [b]ac

Proposition (\-equivalence for F5)

Vb : Fa.([blsci)y =, [b],,

Proof by structural induction on F;
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Proof of \-equivalence for B; / 0

([scr)s =5.a [B],,
Case [B1 / 0 b]scs =C I [b]sa

IIBI ‘/ 0 b]]/\,n = I(\[707 n, [[b]]k,n+1) = )‘n' n Hb]])\,n+1
=5 (- An.ny) [Bl) opa
Since
(ChH, = G L= z.xzy)(Ix.x)
=3 M. Az.(Mx.x)zy
=g Ay.Az.zy
we get

[Bi / 0b],, =as (CI), [b]y,11 =as (C1), ([blsar),

= (€N [blsa), =([B: / 0 b]sci),
Similar case [[Bl \/ 0 b]]BCI =Bl [[bﬂBCI

A. Giorgetti

About the bloom structure of closed linear lambda terms

24/ 45



femto-st Background X semantics BCI semantics? Conclusion >

M ENSCIENCES & ®
TECHNOLOGIES

What about cancellation over F,?

[blec = d <" dy= b [blsc, =" b [ds]scr =" d

Small counterexample for [b]sci, = b

[B. / O BO]]BCIb = (ClI I)b =Cplplp
(Bl \/ 3 (Bl \ 1 Bg)) Bo Bo
# B/ 0B
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What about [B; s j |g¢ for j > 17
Blooms:
b:=By|B,bb|Bisjb su=/]\ 0<j<3n(b)+1
Let [b]scr be a BCl semantics of the bloom b, partially defined by
[Bolgar =1 and [B: b c]scr = [blscr [clsa

Defining [B1 s j b]sci bottom-up consists in defining t(,,) such that
[Br s j blsc = t(s,J, [b]scr)
Can we define t(,j,) by recurrence on j?
t(/,0,d) = (C 1) d t(\,0,d) = (B 1) d
For j > 1, t(s,Jj, d) should be defined at least for all BCI terms generated by
di=l|dd|(Cld|(BIl)d
t(s,j,d €) = 777

Issue: application nodes in BCl terms do not correspond to application nodes in
their A semantics ~» few chances to ensure A-equivalence
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What about a top-down approach?

b:=By|B.bb|Bisjb se=/1\ 0<j<3n(b)+1

Can we define a BCl semantics [b]gc; of the bloom b top-down?

[Bolear = |
[B2 bclea = [blsa [clsa
[B: / 0blsa = (CI) [blsc
[Bi \ 0blga = (BI) [b]sc
For1<j<3n(b)+1
[[Bl Sj BO]]BCI =
[[Bl Sj (Bz b C)]]BCI =
[Bisj(Bitkb)lga = 77
A. Giorgetti About the bloom structure of closed linear lambda terms
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Basic cases [B; s j Bo]gci

se{/,\} n(By)=0,s00<,<1
[Bi / 0Bi]lsa = ClII
[Bi1 \ 0Bi]lsa = BII
[Bi1 / 1Bi]sga = Bl
[Bi1 \ 1Bi)sa = ClI
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Binary cases [B; s j (B2 b ¢)]sc

se{/,\} 1<j<3n(Babc)+1 n(B, b c) = 1+ n(b) + n(c)

se{/\} 1<,<3n(b)+1
[Bisj(B:bc)lsa=C[Bis(j—1) blsa [c]sa

se{/,\} 3n(b)+2<j<3n(B:bc)+1
[Bisj (B2 bc)]sa =B [b]sci [Brs (j — (3n(b) +3)) clsc
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Proof of \-equivalence, binary case (1/2)

sef{/\}  1<j<3n(b)+1

[Bisj(B2bc)lsa=C[Bis (j—1) blsa [c]sa

[[Bl sJ (B2 b C)]])\,n

/(57j7 n, [[B2 b C]]/\,n+1)

I(s, 4, n, [[bﬂk,nJrl [[C]])\,n+1)

An.l(s,j = 1,n,[b] oi1) 0 [l nia
Anl(s,j—1,n, [[b]])\,nJrl) n HCH)\,nJrl
An.[Brs (j—1) b]]/\,n n [[C]]A,n+1
(Ay.-An.[Bis (j—1) b]]/\,n ny) [CHA,nH

(Ax.Ay. dn.xny) [Bis (j—1) b]]/\,n [[C]]/\,n+1

Ci [Bis (j—1) b]y, [e]y nia
Cx [Bis (j—1) blacry [clsar,
(C[Bis (j—1) blsa [clsa),
[[B1 Sj (BQ b C)]]BCI)\
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Proof of \-equivalence, binary case (2/2)

se{/,\} 3n(b)+2<j<3n(B:bc)+1

[Bisj (B2 bc)lsa =B [blac [Bir s (j — (3n(b) +3)) clsa

[Bisj (B bc)]y,

I(Sv.jv n, [[82 b CﬂA,n+1)

I(S,j, n, [[b]])\,nJrl [[C}]A,nJrl)

An. ﬂbﬂA7n+1 I(s,j — (|[[b]])\,n+l| +1),n, [[CHA,n+1) n
An.[b]y i1 (s, = (3n(b) +3), n, [c] ,1) 1
An.[b] iy ([Brs (G — (3n(b) +3)) cl, , n)
(Ay-An.[b]y ,q (v ) [Brs G —(3n(b) +3)) ], ,
(A Ay.An.x (y n)) [b]y .1 [Brs G — (3n(b) +3)) ], ,
Bx [b] 51 [Brs (= (3n(b) +3)) ], ,

BA [[b]][gc[A [[Bl S (J — (3n(b) + 3)) C]]BCIA

(B [b]sci [Br s (j — (3n(b) +3)) claar)y

[Bisj (B2 bc)laa,
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Unary cases [By s j (B1 t k b)]sc

s,te{/,\} 0<k<3n(b)+1
1<j<|[Bitkb],,|—1=3+]|[b],,l—1=2+(3n(b)+2)=3n(b) +4
All proofs of A-equivalence start with

[[Bl sJ (Bl t k b)]]A,n
= /(svja n, [[B]- t k b]])\,nJrl)
- l(57j7 n, /(ta kan+17[[b]])\,n+2))

Case k > 1 not yet investigated. For k = 0, cases for t and j

/(\/707n+17[[b]])\,n+2) = )‘(’7"’1)'(""‘1) ﬂbﬂA,n+2
~ casesj=1j=2andj>3
/(\/:07n+17[[b]]A,n+2) = A(n+1)‘[[b]]>\,n+2 (n+1)

~ cases j=1,2<j<3n(b)+3andj=23n(b)+4
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[[Bl Sj(Bltkb)ﬂBC/,k:O,t:[

[Bisj(Bi / 0Db),,
= /(57./'7 n, )‘(n+1)'(n+1) [[b]]k,n+2)
= AnAn+1)./(s,j—1,n(n+1) [[b]]A7n+2) n
=5 An.A(n+1)./(s,j—1,n,(n+1) [[b]])\,n+2) n

Forj=1 casess= /and s =

A. Giorgetti About the bloom structure of closed linear lambda terms 33 /45



femto-st Background X semantics BCl semantics? Conclusion

EEENSCIENCES &
TECHNOLOGIES

[Bisj(Bytkb)sc k=0,t=/,j=1

s=/
18 / 1(B / 0By,
= An.A(n+1).1(/,0,n,(n+1) [[b]])\’n+2) n
= An.A(n+1).(An.n ((n+1) [b], ,.2)) n
=5  An.A(n+1).n((n+1) [b], ,.2)
=5 (A AnA(n+1).n((n+1) x)) [b]y ,12
=s0 (C(BCB)), [b], >
=p.o (C(BCB)), [blacy
=s.a (C (B CB) [blsa),
= [Bi / 1(B:1 / 0Db)]sciy
s=1\

[[Bl \ 1 (Bl /0 b)]]BCI =BC (C |) [[b]]BCI
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[Bisj(Bytkb)sc k=0,t=/,j=2

@

[Bis2 (B / 0b)],,

An.A(n+1).1(s,1,n, (n+1) 6]y ni2) 1
An.A(n+1).(An.I(s,0,n,n+ 1) n [b], ,.,)) n
An.A(n+1).1(s,0,n,n+1) n [b], ,.,)
An.A(n+1).1(s,0,n,n+1) n) [[b]]AmH)

= An.A(n+1).((An.n (n+1)) n) [[b]]A,n+2)
=5 An.A(n+1).(n (n+1)) [b], ,.2)

=5 (Ax.An.A(n+1).n(n+1) x) [[b]],\,n+2
=5 (CC), [blsciy

= (CC[b]scr)y

=5 An.A(n+1).((n+1)n) Hb]])\,n+2)
=5 (M AnA(n+1).(n+1) nx) [b], >
=s (BC(CQ)), [blscry
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[[Bl S_j(Bltkb)ﬂBC/,k:O,t:/,jZf?a

[Bisj (B / 0Db),,

An.A(n+1).1(s,j—1,n,(n+1) [[b]]/\,n+2) n
AnA(n+1).(An.(n+1) I(s,j = 1= ([(n+1)| + 1), n, [b] ,15) n) n
An.A(n+1).(n+1) (I(s,j — 3,n,[b] ,,2) )

An.A(n+1).(n+1) ([Brs (j —3) b] ,1 1)

(M. An.A(n+1).(n+1) (xn) [B.s (j—23) b]]A,n+1

(B(C1))y [Brs (—3) blsciy

(B(C1) [Bis (j—3) blsar),

[[Bl Sj (Bl \/ 0 b)]]BCIA

LTI
s WAy
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[[Bl Sj(Bltkb)ﬂBC/,k:O,t:&

[Bsj (B \ 0b),,
= (s, Mn+1).[B], ., (n+1)

= AnA(n+1).M(s,j—1,n[b], .., (n+1)) n
= AnA(n+1).M(s,j—1,n[b]y .., (n+1)) n
Forj=1
s=/
= An.X(n+1).1(/,0,n[b], .., (n+1)) n
= An.A(n+1).n ([[bﬂ/\,n+2 (n+1))
=5 (A AnA(n+1).n (x (n+1))) [b]y ,10
=s.a (CB), [blscy
= (CB [b]sar)y
s=1\

= AnX(n+1).1(\,0,n,[b], .., (n+1)) n
= A+ ([B]y o (15 D) 1
=5 (A AnA(n+1).(x (n+1)) n) [b]y ,120
=g,a Cx [blaci,
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[Bisj(Bitkb)sc, k=0, t=1\,2<j<3n(b)+3

1<j—=1<3n(b)+2=[[b] , .l

[Bisj (B \ 0Db),,

— A A(n 1) 05— Lo [bl, . (1) 1

= An.A(n+1).(An. l(s i—=2,n,[b]y ,2)n(n+1))n
=5 An.A(n+1).(I(s,j—2,n, [[b]]/\,n+2) n) (n+1)

=5 A An+1).([Bis(—2)b], o n) (n+1)

=5 (A AnA(n+1).(x n) (n+1)) [Bis (j—2) b], ,0
Eﬂ’a (B C C)/\ [[B1 S (J — 2) b]]BCIA

=" (BCCBis(—2) blec),
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[Bisj (Bitkb)sa, k=0,t=)\,j=23n(b)+4

j—1=3n(b)+3

[Bis (3n(b) +4) (Bi \ 0Db)],,
= An.A(n+1).(An. [b], ., I(s,3n(b) +3 — (|[b] pyol +1),n,(n+1)) n) n
=5 An.X(n+1).[b], ., I(5,0,n,(n+1)) n

s=/
=B
=B

=B«

=8

=8
=5,
=3,

An. A(n+1). ﬂbﬂA7n+2 (n(n+1))
(Ax.AnA(n+1).x (n (n+1))) ﬂbﬂA,n+2
B. [blsar,,

(B [b]scr)

An.A(n+1).[b], ., ((n+1) n)
(Ax.An.A(n+1).x ((n+1) n)) [b], .0
(B CB), [blsciy

(B C B [blacr),
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Summary of unary cases [B; s j (B t k b)]sc

s,te{/,\} 0 < k<3n(b)+1 1< <3n(b)+4
For k = 0:

[Bi / 1(B1 / 0b)]gas = C(BCB)[b]ga
[Bi \ 1 (Bt / 0b)]gag = BC(CI) [b]ga
[Bi / 2(B1 / 0b)]gcs = CC[b]gg
[Br \ 2(B1 / 0b)]gcs = B C(CC) [b]ac

[Bisj(Br / 0b)lgcr = B(CI) [B1s(j—3) blaa if 3<j
[Bi / 1(B1 \ 0b)]gz = CB [blsg
[Bi \ 1(B1 \ 0b)]Jga = C[blsc

[Bisj(Br \ 0b)Jpz = BCC][B1s(j—2)b]pa if 2<j < 3n(b) +3
[Br / j(Bt \ 0b)legcs = B [blsg if j =3n(b) +4
[Bi \ j(Bi \ 0b)J[ger = BCB[b]sc if j =3n(b) +4
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Third bloom fragment

With k = 0 only, the former semantics covers the fragment F3 of blooms
generated by

b = Bo|Bgbbl81$0b|BlsjBolBlsj(szC)|
B1Sj(B1t0b)
s,;tou= /|
i =1
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Four points of view

A\ terms Blooms RTM
AX
| 1 1 1
© bloomlam bl(\ﬂl', bo) bloomrtm .
/ \ lambloom
—_—
>\y X O
y

o

BCI terms

Tnot yet complete
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Conclusion

Work in progress

Partially assisted by Prolog code (semantics, generation of correspondence
tables)

Numerous perspectives

Combinatorial study of bloom fragments for BCl semantics, and their BCI
and A counterparts

Refinement by number of S-reductions
Meaning for rooted trivalent maps

More work for formal proof

A. Giorgetti About the bloom structure of closed linear lambda terms 44 / 45



@mm.st Background  semantics

EEENSCIENCES &
TECHNOLOGIES

BCl semantics? Conclusion

» Thanks for your attention
> Questions?

A. Giorgetti

About the bloom structure of closed linear lambda terms

45 / 45



	Background
	 semantics of blooms
	Towards a BCI semantics for blooms
	Conclusion and perspectives

