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Lambda-terms

The set A of lambda-terms is defined by the following grammar:

» x variable = x € A.
> M, Ne A= MN e A. — application
» x variable and M € A = Ax.M € A. — abstraction

examples: Ax.((Ay.yz)x), (Ax.x)(Ay.zy), Ax.(x(Ay.yx))

— Every X\ binds exactly one variable (but maybe none or several
occurrences of this variable).

— Every variable is bound by at most one \.

— Variables that are not bound by any A are called free.



Lambda-DAGs

Ax((y-())z)



Lambda-DAGs

Ax((y-())z)

Ax

T



Lambda-DAGs

Ax((y-())z)

Ax

A



Lambda-DAGs

Ax((y-())z)

Ax

A



Lambda-DAGs

Ax((y-())z)

Ax

Ay



Lambda-DAGs

Ax((y-())z)

Ax

Ay



Lambda-DAGs

Ax((y-())z)

Ax



Lambda-DAGs

Ax((y-())z)



Lambda-DAGs

Ax((y-())z)

» «a-equivalence



Lambda-DAGs

Ax((y-())z)

» «a-equivalence

» contexts



Lambda-DAGs

Ax((y-())z)

» «a-equivalence

» contexts

(Ax.(x(Ay-y))(Ax.(Ay-yy))



Lambda-DAGs

Ax((y-())z) (Ax.(x(Ay-y))(Ax.(Ay-yy))

» «a-equivalence

» contexts

x| =1 IMN| =1+ |M| + |N| Mx.M| =1+ |M]|



Lambda-DAGs

I ((Ay-(xy))2)[ =7 [ (x(Ay-y))(Ax.(Ayyy))l = 11

» «a-equivalence

» contexts

x| =1 IMN| =1+ |M| + |N| Mx.M| =1+ |M]|
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» Generating functions:
an - .. number of lambda-terms of size n with k variables

A(z,u) = Zn,k>0 a,,,kz”uk ... bivariate GF of (ap «)n>0,k>0
= [2"uXA(z, u) = an k

» Singularity analysis:
p ... dominant singularity of A(z) of type —« (i.e., (1 — %)_a)

a—1
n —nn
[z"A(z) ~ p o) as n — o0
» Symbolic method:
C=AUB = C(z) = A(z) + B(2)

C=AxB = C(z) = A(2) - B(2)
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Unary length of a binding of a variable e by
some abstraction Ae =

number of unary nodes on the path connecting \e
and e in the underlying Motzkin tree

Unary height h,(e) of a vertex e =

number of unary nodes on the path connecting the
root and e in the underlying Motzkin tree (the
vertex itself does not count)

Unary height h,(t) of a lambda-term = 1
maximum number of unary nodes occurring in the
branches of the underlying Motzkin tree

hy(t) =2
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Lambda-terms with bounded unary length of each binding

Gy ... class of closed lambda-terms where all bindings have unary
length at most k

PUK) . class of unary—binary trees such that every leaf e can be
Iabeled in min{h,(e) + i, k} ways

G

Pk) = kZ 4 (A x PR s i)y 4 (14 x Plhok))
P(I’k) —iZ+ (A % P(I’k) X P(I’k)) (Z,[ X P(H_l’k)) fori < k
I

Pkk)(2) = kz + 2P (2) 4 zPk:H) ()
PUR)(2) = iz + PR’ (2) 4 2PUFL0)(2)



N ﬁ(’vk)(z) _ l_l[i:k]z_m

2z

with

'Ql,k(z) = (]_ — 2)2 _ 4/(227

Rou(2) = 1= 4k — 1)22 = 22 +22% + 22\ Rus(2),

and for3<i<k+1

l‘i’i,k(z) =1—4k—-i+ 1)22 — 2z+2z\/m-

= G(z) = POM(z \/K




with

N /5(l7k)(z) _ l_l[i:k]z_m

2z

Rii(z) = (1 — 2)? — 4k2?,

I$27k(z) =1—4(k—1)22-2z+22>+ 2z I$17k(z),

and for3 < i< k+1

Rix(z) =1 —4(k —i+1)2% =2z 4+ 22/ Ri_1 4(2).

Gk(Z) =

1—\/1—2z—|—2z\/...1—4(k—1)22—2z+222—|—2z\/(1—z)2—4k22

2z




Theorem (Bodini, Gardy, Gittenberger, Gotebiewski, 2018)

» The dominant singularity py of Gx(z) comes from
Ri(z) = (1 — 2)? — 4kz?, ie., py = HTI\/E and is of type 1

» Forn— oo

[2")Gk(z) = gr(1 +2vVk)"n 3 (1 + 0 <1>> ,

n
: _ Vk+2k
with gx = ye s
1=2

wherec; =1 and ¢ =4(j —1) —1+4+2,/¢1, for2 <j < k+1.



2z

where
Rix(z) = (1—2)* — 4k2,

Rok(z) = 1 - 4k — 1)22 - 22 4+ 22 + 22/ R u(2),

and for3<i<k+1

Rik(z) = 1—4(k —i+1)2° = 22422/ Ri_14(2).



. 1—+/R z,u
Gk(z, U) — P(07k)(Z, U) — m

2z

where

/'A?l,k(za u) = (1- 2)2 — 4kuz?,

and for3< i< k+1

/?\Jl.,k(z’ W=1—4k—i+ 1)z2u —2z+ 22@-



Theorem (Gittenberger, L., 2018)

» The dominant singularity py(u) of Gx(z,u) comes from

Ri(z,u) = (1 — 2)? — 4kuz?, ie., pr(u) = 7 and is of

1
type§
» Forn— 0

[2"]Gi(z, u) = gi(u)(1 + 2v/ku)"n"2 <1 +0 (i)) ,

where c1(u) =1 and ¢j(u) = 4(j — 1)u — 1+ 24/c¢j_1(u), for
2<j<k+1



Theorem (Quasi-Power Theorem, Hwang, 1998)

Let X, be a sequence of random variables with the property that

[2"16(z, u)

1271682, 4) A VB
[Z”]G(Z, 1) A( )B( ) ’

with A, — o00.

Set = B'(1) and 0? = B"(1) + B'(1) — B'(1)?. If 02 # 0, then
X, — EX,
T)([)%N(O,l), as n — oo,

with

EX, ~ uX\, and VX, ~ c?\,.



271Gz, u)  [1+2Vku\ | Vku+ 2ku 5T (1) 1
[zﬂ]Gk(z,l)‘<1+m> $ v LG (”O<n>>



[21G(z,u)  (1+2vVku\ ku+2kuﬁcjl (
[2"Gi(z,1)  \ 1+ 2Vk 2k + vk +3 ci(u)

°(3))

Theorem (Gittenberger, L., 2018)

Let X, be the number of variables in closed lambda-terms where all
bindings have unary length at most k. Then X, is asymptotically
normally distributed with asymptotic mean and variance given by

k k2

EX, ~ ——n and VX, ~ n
Vk + 2k 2vVk(Vk + 2k)?




271Gz, u)  [1+2Vku\ | Vku+ 2ku 5T (1) 1
[zﬂ]ck(z,l)‘<1+m> $ v LG (”O<n>>

Theorem (Gittenberger, L., 2018)

Let X, be the number of variables in closed lambda-terms where all
bindings have unary length at most k. Then X, is asymptotically
normally distributed with asymptotic mean and variance given by

k k2

EX, n and VX, ~ n.
2V k(Vk + 2k)2

"k + 2k

For k — oo : EX, — 4 and VX, —0.
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Lambda-terms with bounded unary height

Hy ... class of closed lambda-terms with unary height at most k

PUK) . class of unary-binary trees such that every leaf e can be
labeled in min{h,(e) + i, k} ways and h,(e) < k —i.

G

PR = 2z 4 (A x PR 5 plih)y
P(/,k) —iZ+ (A % P(I’k) X P(I’k)) (Z,[ X P(H_l’k)) fori < k

Z ...class of atoms

A .. .class of application/binary nodes H, p(0.k)

U ... class of abstraction/unary nodes



Lambda-terms with bounded unary height

Hy ... class of closed lambda-terms with unary height at most k

PUK) . class of unary-binary trees such that every leaf e can be
labeled in min{h,(e) + i, k} ways and h,(e) < k —i.

G

PR = 2z 4 (A x PR 5 plih)y
P(I’k) —iZ+ (A % P(I’k) X P(I’k)) (Z,[ X P(H_l’k)) fori < k

!

PR (2) = kz + 2P (kk)? (2)
PUR(2) = iz 4 zP(i’k)z(z) + zPU+LR) (2)



L Pl (z) = VR

2z
with
Rik(z)=1- 4kz°,

and for2 < i< k+1

Rix(z)=1—4k—i+ 1)z — 2742z Ri—1.k(2).

1—-+/R
= He(z) = P(O’k)(z) _ k+1,k(2, U)

2z




L Pl (z) = VR

2z
with
Rik(z)=1- 4kz°,

and for2 < i< k+1

Rix(z)=1—4k—i+ 1)z — 2742z Ri—1.k(2).

1—\/1—22—}—22\/...1—4(k—1)22—2z—|—22\/1—4kz2

Hi(z) = 2z




Auxiliary sequences:

up =0, ujp1= u,-2+i+1 fori >0,

and

N;:u,-z—u;+i,

for all i > 0.

479982377

j Nj uj
1 1 1
2 8 3
3 135 12
4 21760 148
5

21909



Auxiliary sequences: J Nj Yj
1 1 1

ug = 0, uiy1 = U,'2+i+1 for i > 0, 2 8 3
3 135 12

and 4 21760 148
5

479982377 | 21909
N;:u,-z—u;+i, for all i > 0. ) :

Theorem (Bodini, Gardy, Gittenberger, Gotebiewski, 2018)
Let py be the dominant singularity of Hy(z).

(i) If N; < k < Nji1, then p, comes from Rj 1 and
[2"Hi(2) ~ hen™3/2p; ", as n — oo.

i) If k= N;, then p, = =~ and
() j P

2Llj

[2"|Hk(2) ~ thn*5/4p;” = thn*5/4(2uj)", as n — oo.



Hi(z) = PO9(z) = 1= VRen(2)

2z

where
Rl,k(z) =1- 4kz2,

and for2 <i<k+1

Rik(2) = 1—4(k — i+ 1)22 — 22+ 22\ R _14(2,u).



He(z.0) = PO (2, ) = L= VR (z.0)

2z

where
Ryi(z,u) =1 — 4kz*u,

and for2 <i<k+1

R,-’k(z,u):1—4(k_,'+1)22u_22+2z\/m.



Total number of variables

Theorem (Gittenberger, L., 2018)

Let B(u) = 248 1f B"(1) + B/(1) — B'(1)2 # 0, then the total
number X, of variables in closed lambda-terms with unary height at
most k is asymptotically normally distributed with

EX,~p-n and VX, ~c2-n,

where = B'(1) and 0® = B"(1) + B'(1) — B'(1)2.



bound k | j+1 | B"(1)+ B'(1) — B/(1) B'(1)
1 2 0 0
2 2 0.0385234386 0.4381229337
3 2 0.0210625856 0.4414407371
4 2 0.0167136805 0.4463973717
5 2 0.0148700270 0.4504258849
6 2 0.0138224393 0.4536185043
7 2 0.0131157948 0.4561987871
8 3 0.048 0.4
9 3 0.0582322465 0.4566104777
10 3 0.0470481360 0.4560418340
11 3 0.0396601986 0.4560810348
12 3 0.0345090124 0.4564489368
133 3 0.0077469541 0.4821900098
134 3 0.0077234960 0.4822482745
135 4 0.0108490182 0.4782608696
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Number of variables in the separate unary levels
The i-th unary level contains all vertices with unary height /.

unary level 0

unary level 1

-/\ unary level 2

unary level 3
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C(z,u)... GF of the class of binary trees where z marks the size and u

the number of leaves — C(z, v) = 114" V;““Zz

Generating functions of lambda-terms with unary height at
most k:

Hi(z) ... z marks the size

Hi(z, u)... z marks the size, u marks the total number of leaves
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C(z,u)... GF of the class of binary trees where z marks the size and u

the number of leaves — C(z, v) = 114" V;““Zz

Generating functions of lambda-terms with unary height at
most k:

Hi(z) ... z marks the size
Hi(z, u)... z marks the size, u marks the total number of leaves

k—1Hk(z, u) ... z marks the size, u marks the number of leaves on
the (k — /)-th unary level (0 </ < k)

Hi(z) = C(z, C(z,1+...+C(z,(k—=1)+...+ C(z,(k—1)+ C(2,k)))...)...))

Hi(z,u) = C(z, C(z, u+...+C(z,(k—=1)-u+...+C(z,(k—1)-u+C(z, k-u)))...)...))

w_iHi(z,u) = C(z, C(z, 14 . +C(z, (k—1)-ut.. +C(z, (k—=1)+C(z, k)))...)...))



k—1Hk(z,u) =

1—/Riy1(z, u)

2z

where

R’l(z, u) =1 - 42%k,

andfor2<i<k+1,i#1+1

and

/

=t e
unary level 0
j ’3'1

unary level k
y

Ri(z,u) =1—42%(k — i+ 1) — 2z + 227/ Ri_1(z, u),

I':\’/H(z, u)y=1- 422u(k — 1) =2z 4 2z4/ /%_1(2, u).

Ry



Number of leaves on the separate unary levels

Let k S (N_]7 NJ+1) } O(1) leaves
> > EXy o~ Gl

> | <j:EX,~ Cpy-n
with constants Cy ; and CN'kJ.

0(n) leaves

unary level k
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Number of leaves on the separate unary levels
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normally distributed
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“Unary profile”
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Thank youl!



